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PREFACE 


This thesis is an outcome of the research work carried out by the author 
under the supervision and guidance of Dr. H.S. Shukla, Principal, Pt. Jawahar Lai 
Nehru Post-Graduate College, BANDA (U.P.), INDIA. 

The thesis has been divided into five chapters. Each chapter is subdivided 
into a number of articles. The references quoted in the thesis are in the form 
(c.a.e.), where c,a and e stand for the numbers of chapter, article and equation 
respectively. If c coincides with the chapter at hand, it has been omitted. The 
figures in the square brackets refer to the reference given at the end of the chapter. 
The notations d k and d k denote the partial derivatives with respect to x k and y* 
respectively. 

The first chapter is introductory and deals with the basic definitions of 
Finslerian geometry. It contains important formulae frequently used in the 

subsequent chapters. 

In the second chapter we have considered an n-dimensional affinely 
connected Finsler space ([89]) equipped with 2n-line elements (x 1 , x 1 ) and the 
fundamental metric function F(x,x) which is positively homogeneous of degree 
one in its directional arguments. If the projective deviation tensor field W tyk (x,x) 
satisfies the condition: W hjk (s) = X , W 1 hjt, where X s (x) is a non-zero covariant 
vector field, the space has been called a WRF n space. In such a space the 
infinitesimal point transformation x ; = x ! W (x) dx, where V (x) is a contravariant 
vector field and dx is an infinitesimal constant, is called a projective affine motion 
if and only if U G‘ jk =0, where L v denotes the Lie - derivative with respect to the 



said point transformation. We have studied a WRF n space admitting the said 
infinitesimal transformation and satisfying L v X s = 0. For brevity, we have called 
such a restricted space an SWRF n space. We have discussed the properties of 
SWRF„ space in detail. We have also obtained the necessary and sufficient 
condition for the existence of projective affine motion in a W - recurrent Finsler 
space. 


In 1966, M. Matsumoto ([53]) determined uniquely Cartan’s connection by 
assuming the four axioms : (l)The connection is metrical, (2) The deflection 
tensor field vanishes, (3) The torsion tensor field T vanishes and (4) The torsion 
tensor field S Vanishes. In 1969, M. Hashiguchi ([27]) replaced the condition (2) 
by some weaker condition and determined the Finsler connection with the given 
deflection tensor field.In 1975, ([26]) he also determined uniquely a Finsler 
connection by replacing the condition (3). In almost all these works, it has been 
assumed that the connection is metrical. In 1990, Prasad, Shukla and Singh ([85]) 
have introduced a Finsler connection with respect to which the metric tensor is h- 
recuirent. In the said introduction they have assumed that the v-covariant 
derivative of metric tensor vanishes and the torsion tensor fields T and S also 
vanish. 


The purpose of the third chapter is to introduce a Finsler connection, which 
is neither h-metrical nor v-metrical, but with respect to which both the h-and v- 
covariant derivatives of metric tensor are recurrent. Such a Finsler connection 
will be called hv-recurrent Finsler connection. We have discussed the curvature 
properties of hv-recurrent Finsler connection . As particular cases of this conne - 
ction we have discussed h-recurrent Finsler connection and v-recurrent Finsler 
connection and their curvature properties. 



■V- 


Izumi ([45]), while studying the conformal transformation of Finsler spaces 
introduced the h-vector Xj which is v-covariantly constant with respect to Cartan’s 
connection and satisfies the relation LC h y X h = phy. Thus the h-vector Xj is not 
only a function of coordinates, but it is also a function of directional arguments 
satisfying L d } Xj - phy . Various transformations of the Finsler metric have been 
studied in the literature ([57]), ([85]) and ([86]). The purpose of the fourth chapter 
is to obtain the relation between the v-curvature tensors with respect to Cartan’s 
connection of the Finsler spaces (M n , L) and (M n ,L*), where L* (x, y) is obtained 
from L (x,y) by the transformation L* 2 (x,y)=L 2 (x,y) + (X; (x,y) y 1 ) 2 , where X; 
(x,y) is an h - vector in (M n ,L). We have also studied the h-vector fields in (M n *, 
L), where (M n *‘, L) is a hyper surface of (M n , L). 

A Randers space is a Finsler space with metric ds = a + (3 , where a = (gij 
(x) dx' dx*) l/2 is a Riemannian metric and (3 = bj (x) dx 1 is a 1 - form, which was 
introduced by G. Randers ([92]). In 1978, S. Numata ([80]) introduced a Finsler 
space with metric ds = p + (3 , where p = (gij (dx) dx 1 dx* ) 1/2 is a Minkowski an 
metric and (3 is a 1 - form as stated above. Numata found the torsion tensors R h jk 
and P h jk of such a space. 

In the fifth chapter, we have introduced a Finsler space with metric ds = 
p+{3, where p=(gy (y) y‘ y*) Vt is a Minkowskian metric and (3=Xj (x,y) y 1 , where 
Xj, is an h-vector in (M n , L). We have found out the torsion tensor R hjk of F — 
(M n , L*), where L* (x,y) is obtained from L(y) by the transformation: 
L*( Xj y)=L(y)+j3(x,y)«d considered the case that this space be a space of scalar 
curvature. We have also determined the torsion tensor P* hj k and considered the 
case that this space be a Landsberg space. 



-VI- 


A selected bibliography consisting of the references of a number of books 
and papers on the subject has been given in the end. 
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CHAPTER - 1 


INTRODUCTION 

COORDINATE. CURVE AND LINE ELEMENT 

Let R be a region of an n-dimensional space X„ 
which is covered completely by a coordinte system, such that any 
point of R is represented by a set of n - independent variables x 1 (i = 
1,2,3,- - n), which are called the coordinates of the point. 

A set of points of R, whose coordinates are 
expressed as functions of single parameter t, is regarded as a curve 
of X n . Thus the equations: 

(1.1) xW(t) 

define a curve C of X n . The vector y 1 with the components 

(1.2) y'= dx'/dt 

is called the tangent vector to C. 

The combination (x‘, y) of 2n elements is called 

the line element of the curve C. 

We shall restrict our attention to the region R, 

and when we refer to X„ or F n in existing literature, it is to be 
understood that the restriction is implied. 
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2. FINSLER SPACE 

Let a function L(x‘, y 1 ) be defined for all the line 
elements of R and be of Class C 5 in all the 2n arguments. Suppose 
further that this function defines the distance ds between two points 
P (x‘) and Q (x 1 +dx‘) of R by the relation : 

(2.1) ds = L(x i , dx') 

DEFINITION (2.1). The space X n equipped with the fundamental 
function defining the metric (2. 1) is called a Finsler space ([14], 

P. 3-5) provided that L (x 1 , y 1 ) satisfies the following conditions 

CONDITION (A) : The function L (x 1 , y*), is positively 
homogeneous of degree 1 in y 1 , that is, 

L (x‘, ky i ) = kL(x i , y‘), for k > o. 

CONDITION (B) : The function L (x ! , y*) is positive if not all y' 
vanish simultaneously, i.e., 

L (x 1 , ky 1 ) > o, with 2 O'* ) • 

* =1 

CONDITION (C) : The quadratic form 

[a 2 L 2 (x*, y*) /ayay ] ^ is positive definite for all variables 
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From Euler’s theorem on homogeneous 
functions and condition(A), it follows that 

(2.2) [dL (x\ y)/dy 4 ] y 1 = L (x\ y') and 

(2.3) [^L (x‘, y')/5y i 5y i ] y' =0 . 
writing 

(2.4) gij (x\ y 1 ) = X A ^ L 2 (x 1 , yW dy> , 

we can deduce (from the theory of quadratic fo/m and 
condition (C) ) 

(2.5) g (x‘, y’) = | gij (x‘, y‘) I > 0 

for all line elements (x', y ! ). 

Suppose, in particular, the function L is of the 

form 

(2.6) L (x\ dx') = [gy (x 1 ) dx' dx J ] 

where the coefficients gij (x 1 ) are independent of dx . 

The metric defined by such a function L is called a Riemanman 
metric and the space X n is called a Riemannian space. The n- 
dimensional Finsler space will be demoted by F n . 

3. METRIC TENSOR 


It can be verified easily that the set of quantities 
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S, ( x '> y') defined by (2.4) form the components of a covariant tensor 
of order two. It is clear that gy (x 1 , y') are positively homogeneous of 
degree zero in y 1 and are symmetric in covariant indices i and j. 

Due to homogeneity condition (A) for the 
function L(x', y 1 ), we have, 

(3.1) L 2 (x, y ) = gjj (x, y) y' y* 
where in the following we denote 

X = (x ! , x 2 , x 3 , , x n ) and y = (y 1 , y 2 , y 3 , — , y D ) 

Since the rank of the matrix || gjj || is n, we have 
the inverse matrix || g ,J ||, such that 

(3.2) 

where 8 k ; is Kronecker delta . 

DEFINITION (3.1) : The tensor with covariant components gij and 
contravariant components g ,J is called the metric tensor or the first 
fundamental tensor of the Finsler space F n . 

We define the quantities 

(3.3) C ijk (x, y) = '/a dgy /*y k = % d 3 L 2 / dy' dy* 8y k 
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which is positively homogeneous of degree -1 in y' and 
symmetric in all its indices. These quantities named as Cartan’s ex- 
tensor satisfy the conditions. 

(3.4) Cyt y‘ = Cjjt y* = y k = 0 
and 

(3.5) 3C ljk % h = 3C ljh /dy k = aC ihk /3y i = dC hjk /dy' . 

4. TANGENT SPACE. M1NKOWSKIAN SPACE INDICATRIX 

DEFINITION (4.1) : At a point P(x ! ) of X n , the n-dimensional linear 
vector space whose elements are the quantities dx', obeying the law 
of transformation 

(4.1) dx*' = (dx‘/dx J ) dx J 

is called a tangent space at the point P (x 1 ). 

Every point of F n can in this way be associated 
with a tangent space which is denoted by T n (P) or T n (x 1 ) ([16]). 
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DEFINITION (4.2) : A Finsler space F n is called a Minknowkian 
space if there exists a coordinate system in which the metric function 
L is independent of x 1 ([14]), p.50). 

DEFINITION (4.3 ) : The indicatrix of F n at a point x' is 

defined by the equation L(x, y) = 1, (x 1 is fixed), ([9] , [14], p. 12) 

DEFINITION (4.4) : A tensor T of F n is called indicatory 

([11]), if its components T y — K satisfy 

T u j k = Tie k = Tij-o = 0, 

where and throughout the thesis ‘o’ denotes the contraction 

with y‘. 

5. nilAI. TANGENT SPACE 

Corresponding to each directional argument y 
of T n (p) there exists a covariant vector y; defined by 


(5.1) y, = gij O, y) y 1 - 
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where it may be noted that the direction argument in gy 
coincide with the vector y 1 under consideration . 

Thus (5.1) assigns a set of the values y; to each 
pomt y 1 of T n (P).The quantities y s may be regarded as the positional 
coordinates of points in a second space T n " (P). We call this space 
dual tangent space of X n at P. So the dual tangent space T n '(P) is the 
totality of all covariant vectors attached to X n at P. 

The metric function of T„ (P) is a function L 
(x‘, yi) satisfying the conditions corresponding to (A), (B) and (C) 
given in section 2. 

6. MAGNITUDE of a vector, the notion of 
ORTHOGONALITY 

The metric tensor gy (x, y) may be used in two 
different ways, in defining the magnitude of a vector and also the 
angle between the two vectors. 

DEFINITION (6.1) : Let V be a vector , then the scalar |v| given by 



is called the magnitude of the vector v\ 


If w 1 is another vector then the ratio 

(6.2) Cos (v, w) = [gjj (x, v) v', wj/L (x\ V) L(x\ W) 

is called ‘MINKOWSKIAN COSINE’ corresponding to the 
ordered pair of directions v', w 1 ([12]). 

It is obvious from (6.2) that Minknowskian 
cosine is non - symmetric in V and w'. 

DEFINITION (6.2) : Let v' be a vector and y 1 be an arbitrarily fixed 
direction, then the scalar v, defined by 

(6.3) v 2 = g, i (x,y)v i V 

is said to be the magnitude of the vector, V corresponding to pre 
assigned direction y 1 . 

If w 1 is another vector , the ratio 

(6.4) cos (v, w) = [gjj (x, y) v' W]/ [gjj (x, y) V V] m [g .(x, y) w‘ W] 1/2 

is called the cosine between the vectors V and w‘, for 
the direction y‘. This cosine is symmetric in V and W. 
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To distinguish between the two magnitudes we call 
the magnitude given by (6.1) as the Minkowskian magnitude of v 1 
and that given by (6.3) the magnitude of v\ 

DEFINITION (6.3) : The vector w 1 is said to be orthogonal with respect to V if 

(6.5) gy (x,v) v* w* = 0. Thus, according to this definition if w 1 is 
orthogonal with respect to V then it is not necessary that V is also 
orthogonal with respect to W . 

DEFINITION(6.4):The vectors V and w 1 are called orthogonal(for a pre- 
assigned direction y 1 ) if 

(6.6) gj(x,y)v i w i =0. This definition of orthogonality is symmetric 
in v* and w'. 

7 - CONNECTIONS AND CQVARIANT DIFFERENTIATION IN, P 

FINSLER CONNECTION : The Finsler connection FT is a triad 
(Fj k , N' k , C j k ) of a v - connection F‘ jk , a non-linear connection N' k 
and a vertical connection Cp ([7], 1 1]). In general, the vertical 
connection Cp is different from Cartan’s C - tensor obtained from 
Cp given by (3.3). However, there are certain Finsler connections to 
be discussed later on , in which these two quantities are identical. 

Let T j be a tensor field of (1,1) type. Theh- 
and v - co variant derivatives of T j are defined by 
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(7.1) Tjit =8rj/Sx l +T"j FU - r„ F” jk 
and 

(7.2) = aiy 8 / + t™ CU - f m c” k 
respectively, where 

(7.3) 8/8x k = d/(h k N \dldy m 

Various Finsler connections may be defined 
with the help of a Finsler metric. Some of the well known examples 
of Finsler connections in F n are given below. 


(A) RUND CONNECTION : The Christoffel’s symbols of first 
and second kinds have been defined as ([14]), p.51) 

(7.4) Yhij (x,y) =!/ 2 [ aghi/ax 1 +agij/ax h - 3gjh/dx'] 

(7.5) /ij = g hk (x, y) Yikj (x, y) 

We define further 

(7.6) F b ,j (x,y) = T h ii (x, y) -C l i„ (X,y) 1 ” pj (x,y) y\ 

where 

(7.7) C\ # g hk (x, y) C ikj (x, y) 


and Cikj is defined by (3.3) 
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For a vector V 1 , the components 8V 1 /8t 

defined by 

(7.8) 8V'/8t = dV'/dt + Fjk (x,y) V J dx k /dt 

form the contravariant components of a vector. 

The process of differentiation given by (7.8) 
is called 8- differentiation. This differentiation gives rise to a well 
defined parallel displacement. The vector V 1 + dV of T n ( x' + dx‘) 
is said to result from V 1 of T n (x l ) by parallel displacement if 8V 1 = 0. 
Hence, for such a displacement, we have ([14]), p.55) 

(7.9) dV’ = - r jW (x, y) V J dx k 

The 8- derivative with respect to x k ( in the direction 

y 1 ) of an arbitrary tensor Tj (x,£ ), is given by the formula ([14]), 

p.60) 

(7.10) Tj ;k = 8T i j /ax k + (5Tj/ dy h )d£ h /dx k + T m j r* U (x, y) 

- T‘ m F* m jk (x, y) • 

where F* j k (x, y) = g' m (x,y)r* }mV (x, y) 


(7.1 1) F* jmk = yj mk (x,y) - { Ckmh (x,y) r h ji(x,y) 
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+ ( x »y) ^ h ki (x,y) -Cjkh (x,y) F h mi (x,y)} y 1 . 

Jt may be verified that y' jk and T* ' jk are 
symmetric in its lower indices j and k, while F j k is non - symmetric 
in j and k. Also we have 

(7.12) = r ‘ jk yV 1 = y ' jk yV 1 

(7.13) r jiy l = nv/ 

and 

(7.14) fjfc y = y v y 

The partial 6 - derivative of metric tensor gy 
does not vanish in general. This is a significant observation as it 
leads to a development of the geometry of Finsler spaces which 
differs considerably from the Riemannian geometry in which the 
covariant derivative of the metric tensor is zero. Further, it is to be 
noted that if the vector field is stationary, i.e., ^ = 0 then the 
partial 6 - differentiation of a tensor field is h - covariant derivative 
with respect to Rund connection ( F* j k , G' k , 0), where T* j k is V- 
connection defined by (7.1 1) and G' k is defined by 

(7.15) G‘ k (x, y) = 3G73y k , 2G 1 (x, y) = y jk y* y k 



13 


The vertical connection vanishes in case of Rund’s 
Finsler connection. Hence the v- covariant derivative of a tensor 
field is identical to the partial derivative with respect to the element 
of support y* ([5]), [11]). 

(B)CARTAN CONNECTION : E. Cartan ([2]) introduced a 
system of axioms to give uniqely a Finsler connection from the 
fundamental function L (x, y). However, according to 
M. Matsumoto ([10], [13]) Cartan’s axioms are equivalent to the 

following : 

(7.16) (a) gi j;k =0, (b) gijjk = 0, 

(c) F jk - F'kj = 0, (d) Cj k -C‘ k j = 0, 

(c) Mj - Nj = 0. 

The Cartan connection of F" is denoted by 
cr = (r*' jk , r^oj, C jk ).The axioms (7.16 b) and (7.16d), in view 
of (7.2), give 

(7.17) C' jk = J / 2 g ih agj k % h 
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This shows that the vertical connection and 
Cartan’s C -tensor are identical. Further, axioms (7.16 a) and (7.16 c ) 
in view of relation (7. 1 7) and (7.1) yield 

(7. 1 8) Fyk = F h ik S „ = Tik - C ijn ,N" k - C jkn N"i + C kto ,N” 

Contracting the equation (7. 18) with 
g* h y 1 and applying axiom (7. 16e), we get 

(7.19) N h k = r l, i k y , -C h k „N"y i . 

Again contraction of (7.19) with y k , gives 

(7.20) N h k y k =Ay'y l 

Substituting (7.19) and (7.20) in (7.18), we get 
Fyk = r* ijk , 

where r* ijk is defined by (7.11) . Thus the Cartan’s v - 
connection are identical with the Rund’s v-connection and it is given 
by (7.11). The Cartan’s non-linear connection Nj is obtained from 
(7.19) after substituting from (7.20). 

(7.21) N'j = y k i y k - C' jm r m hi y h y' = G) = r*‘ oj . 
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The Cartan’s vertical connection Cjk is given 
by (7.17). It is easy to verify from the axioms (7.16a), (7.16c) and 
equation (3.1) that 

(7.22) (a) y'|h = 0, (b) L |h = 0, (c) \\ h =0; 

where 1 ! is a unit vector in the direction of the element of 
support y 1 , i.e., 

1' = y‘/L(x, y) 

Since Cjk is an indicatory tensor, therefore from 

(7.2), we have 

y’lh = 8' h 

This in view of (3.1) and axiom (7. 1 6a), gives, 

(7.23) Li = L|j = dL/dy' = l i} 
where 1; = gij f 

It may also be verified that 

(7.24) (a) 1‘ |j = L' 1 h'j, (b) l;y = 0, 

(c) Ijjj = L hjj 

(7.25) (a) hp » 0, (b) hjjjk = -L" 1 (ljhjk + lj h k j), 

where hjj are components of angular metric tensor 


defined by 
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(7.26) hy = gy- lilj 

and hj = g ik h jk 

(C)BERWALD CONNECTION : Berwald ([ 1 ]) introduced a 
connection parameter G j k given by 

(7.27) Gjt ( x,y) = cfG/tydy 1 , 

where 2G'(x,y)= 7 'jk ( x,y) y 1 y k . 

According to him the covariant derivative of 
any tensor T‘j is defined by the relation 

T‘j (k) = 6T j/8x k + Tj m G‘ mk - V m G m jk , 
where 8 /8x k = did x k - G"\c% m 
and G m k is given by (7.15). 

Thus Berwald’s v- connection and non- linear 
connections are G'j k and Gj respectively. The vertical connection 
vanishes in case of Berwald connection ([5], [10]). 

The relation between Berwald’s and Cartan’s 

v- connections G j k and T* jk is ([14], p. 79-81), 

(7.28) Gjt = T* jk + P jk , where, 
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(7.29) P ’ k (x,y) - C Vio = [ 3 T* j jp /5y k ]y p 

= [ a r* j kp /ay* ] y p . 

Further, the Berwald’s h - co variant derivative 
of metric tensor gy is given by ([ 14], p.80) 

( 7 -30) gij(k) ~ - 2 Pjj k , where 

(7.31) P ijk =g jh P h ik = Cjjk | 0 

It may be noted the tensor Py k is a 
symmetric and indicatory tensor. Also we have the relations: 

(7.32) L (i) =0 , 4 = 0 

1 i 0) ~ 9 , h j( k ) — 0 , hij (k) 2 Pijk. 

8. CURVATURE TENSORS IN F n 

Several curvature tensors have been defined and 
studied in Finsler spaces with the help of different Finsler 
connections. We introduce some of them. 

The Rund’s curvature tensor K'j hk is defined as 

([14], P-97) 

(8.1) icy = 6 u t ) (snysx^ r*" Jb r*U), 
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where and throughout the thesis ^ h , k> ( ) denotes 

the interchange of the indices h, k and subtraction. This curvature 
tensor and its corresponding theory has not been used in the present 
work. We therefore leave the further discussion of this curvature 
tensor. 

The Ricci identities for a tensor T j involving h- 
and v- covariant derivatives with respect to Cartan connection are 
given by ([8]). 

(8.2) T w - Tjj 1|p - T h j R'hpi - T 1 ,. R h jpi - fjt R h p i, 

(8.3) T'4 - T^p = T h j P' t p, - T'h P l jpi - Tju. C l p, - fi, P h pi . 

(8.4) T jipii - T jiilp = T h j S^-nsV 
where 

(8.5) R’hici = 6i<k i) ( sr^/Sx 1 + r* m hk r*U 

+ C\ m R m k i, 

(8.6) R’ki = R’hki y h = 5G' k / 8x‘ - 8GV8x k 

(8.7) PVk, = dr*' hk Id y 1 - CW + C j hm P m k , 
and 

s^ki = c m h! c' m k“ c m hk d m , 


( 8 . 8 ) 
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The tensors defined by (8.5) ,( 8.7) and (8.8)are 
called Cartan’s curvature tensors and the tensors defined by (7.17), 
(7.29) and (8.6)are called tori son tensors. The nomenclature of these 
tensors is summarized as follows: 


R'hk! - h - curvature tensor, 

P'hki hv - curvature tensor, 

S'hki v - curvature tensor, 

R‘ k i (v) h - torsion tensor, 

P‘ki (v) hv - torsion tensor, 

C'hi (h) hv - torsion tensor. 


It is to be remarked here that S'hki is the 
Riemann’s carvature tensor of the tangent Riemannian space at any 
point of F". The tensors S l jk i and Pj k are indicatory tensors. The 
curvature and torsion tensors satisfy the following identities. 


(8.9) 

(a) 

Rhikl = - Rhiik, 


(b) 

Rhikl = ‘ Rihklj 

(8.10) 

(a) 

P hijk Pihjkj 


(b) 

P hikj P hijk ~ " Shikj (Os 


(c) 

h 

PhikjY = Pikj = C ikj |0 
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(8.11) 

(a) 

Sfiikj ~~ * $hijk> 


(b) 

Shikj * S]hkj? 


(c) 

Shikj Skjhi? 

(8.12) 

Rikj = 

Pijk? 

(8.13) 

Pijk = 

Pikj = Pjik = Pkj 


where 

R-hikj ~~ Smi R hjk? P hikj ” Sim P hkp 
Shipj Sim S hpj ? 

Ripi = Rhipj y h = gmi R m PJ 

and 

f*ipj — P pj gmi 

The expression for hv - curvature tensor Pj jk ] is 

given by 

(8.14) P ijk , = 4(ij)(C jkl|i + C ikh P h j, ) 

This curvature tensor can also be written in the 

form ([11]) 

(8.15) Phijk = (% (h.i> ( Pijklh + Qki Pjh ) 


which gives 
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(8.16) p h j jo = 0 = P hiok . 

9. HYPER SURFACE . 

The theory of subspaces of a Finsler space has 
been studied by Davies ([3]), Hombu ([6]), Rund ([13]), Eliopoulas 
([4]) and several other authors. The present section is devoted in 
outlining the properties of the manifolds immersed in a Finsler space 
equipped with a general Finsler connection FF. 

DEFINITION (9.1). The totality of all the points of F n whose 
coordinates x‘ can be expressed as a function of m parameters (m<n) 
is called a subspace F m of dimension m of the space F n . 

A subspace may be represented parametrically 

by the equations 

x* = x' (u°), [(i = 1,2,3, ,n), (oc = 1,2,3,..., m)] 

Subject to the condition that the rank of the 
matrix jj dx'/du 1 1| is m. 
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An (n-1) dimensional subspace of F n is called a 
hyper surface. Since we have studied the properties of Finsler 
hypersurface in this thesis, therefore, some basic formulae of a hyper 
surface immersed in an n-dimensional Finsler space F n are given 
below. 


The projection factor B l a defined by 
(9.2) B' a (u) = dx'/du a 

behaves like contravariant vector in F". Along the 
coordinate curve of the parameter u* of F”' 1 , the vector B‘ a ( a fixed, 

i = 1,2, n,) is tangent to the curve. Thus B' a ( a = 1,2, , 

n-1, i = l,2,...,n) may be regarded as (n-1) linearly independent 
vectors tangent to F”' 1 at its any point and a vector .. X 1 

tangent to F”' 1 at the point may be expressed uniquely in the form, 

X ! = B‘ a X a , 

Where X a are components of the vector with respect 


to the coordinate system (u a ). 
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To introduce a Finsler structure in F"' 1 , the 
supporting element y' at a point (u a ) of F"' 1 is assumed to be 
tangential to F so that we may write 

(9.3) y'- B'u v a 

Thus v a is thought of as the supporting element 

of F"' 1 at the point (u a ). 

Denoting y 1 of (9.3) by y' (u,v), the induced 

metric function of F n_1 is given by 

(9.4) L (u, v) = L (x(u), y(u, v)}. 

In the following we shall use the notations 

B' a p = 3B' a /9u p , B‘ 0 p = B' a p v“ , B j a p„Y 
= B‘ a B J p B k y 

The induced metric L (u,v) yields l a =dL/dv a , 


the metric tensor 
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gap = 1/2 d 2 L 2 ldv a dv^ and Cartan’s C-tensor 

Copy =1/2 dgap Idv 1 ofF"- 1 

From (9.4), it is easy to show that 

(9.5) l a = IjB'a , 

(9.6) gap ~~ gij B^ap 

(9.7) C tt py = C ijk B ,jk a py 

At each point (u tt ) of F"' 1 , a unit normal vector 

N'(u,v) is defined by 

(9.8) gij B' a N j = 0, 

(9.9) gij N 1 N J = 1. 


Making use of the inverse matrix || g a ^|| of ||g«p||, 
the inverse projection factor B U j is defined by 

(9. 1 0) B U i(u,v) = g aP (u, v) gij (x,y) B J p. 

The foilwing identities are satisfied in F"' 1 . 

(9.11) (a) B‘ tt B u j = 6j - N 1 Nj, 

(b) B’ a B P i = 8 p a , 

(c) B' a Ni = 0, 
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(d) KB* = 0, 

(e) li N‘ = I s Ni = 0, 

(f) Ni = gy N j , 

(g) g ij N, Nj = 1. 

We also have 

(9.12) g aP (u, v) = g 1J (x, y) B a j B p js 

which gives 

(9.13) g aP B ik a p = g lk - N 1 N k . 

As for the angular metric tensor hy the relations 

(7.26), (9.5), (9.6), (9.8), (9.9) and (9. 1 1 e) yield 

(9.14) hap = hjjB ■’ap > 

(9.15) (a) hjj N' B J U = 0, 

(b) hy K N J = 1, 

We shall use the following indicatory tensors 
defined from Cartan’s C-tensor. 


(9.16) 


(a) My (x,y) = C ijk N k , 
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(b) 

Mi (x,y) = M y N J , 

(9.17) 

(a) 

M^U, V) = My B ij a p 


(b) 

M a (u,v) = M ; B‘ a . 



We shall also use the quantities 

(9.18) 

(a) 

M) = g lh M hj , 


(b) 

M a 6 = g^Mps. 



In the theory of hyper surface of Finsler space 


there are two connection parameters, namely intrinsic and induced, 
corresponding to which, we have two h - covariant derivatives of a 
tensor field. The intrinsic connection parameter F* a p y is defined 
with respect to the metric of F"' 1 in a manner formally identical with 
the mode of definition of the coefficient T* jk of F n ([15]). The 
induced and intrinsic vertical connection of F ' are identical and 
denoted by C\ but the induced connection parameter F 0 ^ and 
intrinsic connection parameter F* a p y are not identical in general. 
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PROJECTIVE AFFINE MOTION IN A 
W -RECURRENT FINSLER SPACE 


1. INTRODUCTION 

We consider an .n-dimensional ( affinely 
connected Finsler space [1] equipped with 2n line-elementsCx'jX 1 ) and a 
fundamental metric function F(x,x) positively homogeneous of degree one in 

1 1 if* $ 

its directional arguments. The fundamental metric tensor gy (x, x) V 2 d\ 

5jF 2 (x,x) of the space is symmetric in its indices i and j. Let Tj (x, x) be any 
tensor field depending on both the positional and directional arguments. The 
covariant derivative of 7) (x,x) with respect to x k in the sense of Berwald is 

given by 

(1,1) T‘ j ( k) =5kT'j-4T jG h k+T h j G , hk-T h G h jk , 

( dk = d/dx\ 4 = 5/5x k ) 

where Gj k (x, x) are Berwald’s connection coefficients which 


satisfy the following relations: 
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(1.2) 5 h G ' jk = G ' h jk , G'hjk x h = 0 and G‘ h k = GW • 

The commutation formulae involving the 
Berwald’s covariant derivative are given by 


(1.3) 3 h T j (k) - (3 h T j) (k) = T S j G ‘ S hk -T'.G’jhk 

(1.4) T j (h)(k) - T j (k>(h) - - d T r'j H r hk + Tj Hshk - T s H jhk 
where 


(1.5) H'hjk (x, x) ^ 3k G'hj-SjG'hk + G r hj G' * - G r hk G‘ n 

+ G‘ rhk G r j - G' r hj G\ 

is Berwald’s curvature tensor field and satisfies the following 
relations: 

(1.6) H'hjk = -HVj , H'hjk x h = H' jk, H r *j - H h j-Hj h , 
tf*- H hj, H'i = (n-1) H, x* tfjk =H i k . 

The projective deviation tensor field W hjk(x,x) 
of the space is given by 


(1 7) W‘ hjk (X,X) = H'hjk + _L_{ 5'h H rjk + X 5h H qk} 

(n+1) 


+ HU. ( n H hk 

(n-1) 


+ Hkh + X r 5 h Hkr) - 8-k. (ttHhj + Hjh +X 

(n 2 - 1 ) 


d h Hj r ) 
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and satifies the following identity: 

(1-8) WV (1) + W'' hklcj) + WV)= 0. 

If the projective deviation tensor fiel 
satisfies the condition 



(1.9) WVts) = K W' hjk . 

where A*(x) is a non-zero co variant vector, the space 
is called a W-recurrent Finsler space or a WRF n space. 

Let us consider the infinitesimal point 
transformation 


(1.10) x' = x' + v 1 (x) dt, 

where v‘ (x) is any vector field and dt is an infinitesimal 
constant. The above transformation which is considered at each 
point in the space is called a projective affine motion when and only 
when 


(1.11) L v G'jk = 0, 

where L v denotes the Lie-derivative with respect to (1.10). 
The Lie- derivatives of the tensor field Tj (x,x) and connection 
coefficient Gj k (x,x) in view of (1.10) and the Berwald’s covariant 
derivative are respectively given by [2] : These are 
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(1.12) l, fj - f i(h) v+n v\, -TVm +a»fj vV*. 

and 

( 1 . 1 3) L v G‘ Jk = V (jxk) + H' jkh v h + G' sjk v (r) x r 

We have the following commutation formulae : 

( 1 . 14 ) L v (a, fj) -dx L v fj= 0. 

(1.15) (L v Gj h ) ( k) - (L v G'kh)(j) = L v H'hjk + x s G' rhj L v G r k , 

X G r hk L v G j s 
and 

( 1 . 16 ) (L v - (U T' jk ) (m) - T’s Lff.-nu GV 

-T' JS U G S L m -5 s Tjk LvG'na . 
Hence, for an infinitesimal projective affine 
motion the last relation shows that the two operators L v and (k) are 
commutative with each other. 

With the help of the equations (1.11) and 

(1.15), we get 

(1.17) U = 0 • 

In view of the equations (1.6) and the fact that 

the operations of contraction and Lie- differentiation are 
communtative, the above relation yields: 
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(1.18) L v H r dk = 0, L v H jk = 0, L v H = 0. 

Taking the Lie- derivative of the either side of 
(1.7) and using the equations(1.14), (1.17) and (1.18), we obtain 

(3.19) L v W‘ hjk = 0 • 

Applying L v to the both sides of (1.9) and using 
the equations ( 1 . 1 1 ), ( 1 . 1 6) and (1.19), we have 

.(3.20) (L v A.s) W' h jk = 0 

Since the space is not an isotropic, we have 

(1.21) Lvte = 0 

i.e. the recurrence vector Xs of the space must be Lie-invariant one. 

In what follows, we shall study a WRF n space 

admitting an infinitesimal transformati<5i^ x‘ = x; + v 1 (dx ) dt which 
satisfies (1.21). For brevity we shall call such a restricted space a 

SWRF n space. 
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2. THE VANISHING OF 

First of all we shall prove the following lemma: 
LEMMA (2.1) : In an SWRF n space if the recurrence vector is a 
gradient one, we have As v 5 = const. 

PROOF : Let us put 

(Z-l) 8 = A. s v s 

Then with the help of the equations (1.12) and 

(1.21), we have 

(2.2) U = Xs( m) v m + A™ v m ( S ) = 0 

By virtue of the assumption As<m) = Am( S ) the above equation 
reduces to 

(2.3) 8 (nl ) = 0 

which completes the proof. 

In view of (1.12), the Lie-derivative of 

W j hjt (x, x) is given by 


(2.4) Ly W' hjk = W hjk V S + W 'sjk v \h) + W hsk V 0) + W hjs V (k) 

hjk V (s) 


-W S hik V ! (,) +d s w 1 hjk v s (r ) x r . 
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which by virtue of the equation (1.9) and (2.1) reduces 
to 

(2.5) L v W' hjk = 6W 1 hjk + W' s j k v s (h) + W‘ hsk V s (j) +W' hjs v s (k) 

-W s h j k v* ( S )+ 3 S W‘ h j k v b (r ) x r . 

Introducing the commutation formula (1.4) to 
the tensor field W l h jk (x, x),we get 

(2.6) W'hj k (!)(m) - W' hjk (m)(l) = a r W'hjk H r s lm X* + W S hjk H‘ slm - 
- W 1 sjk H s hlni - - W 1 hsk H S ji m -W ! hjs H s Um • 

In view of the definition (1.9), the above 

relation reduces to 

(2.7) (8 - 8 m( „ ) W 1 hik = -S , W 1 hjk H' *, x’ + W 5 hjk H‘ *, 

-W‘ sjk H S him - - W 1 hsk H S jlm - W hjs H s Urn- 

Next, let us assume that 5 m ^»const. Then, with 

the help of the Lemma (2.1) , we get 


(2.8) N 1 m (x) ^ (5 Km) - 8 m(l)) * 0 
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Let us take 

(2.9) V (h) = HV q* 

for a suitable non - symmetric tensor q*. then multiplying 

i 

(2.7) by q and summing over 1 and m, we obtain 

(2.10) N| m q lm W' hjk =-5, W\ jk v r (>) k*+ W hjl v 1 ,., - W>, jk v* m 

-W\, t v*<j) - W‘ hj. v s ( tj 

Comparing the last equation with (2.5), we get 

(2.11) L, W\ jk = (S- q lm N, m ) WV 

The above equation will vanish when and when 
8 * const, and N !m * 0 

From (2.5) and (2.7), we can construct the 

following identity: 


(2.12) N ta L v W 1 hjk = W s hjk (8H' slm - N lm V (s) ) - W j sjk (8H s h!m - N, ra 

V S (h))W hsk (SH^jim - N| m V S (j) >-W hjs (SH klm - N) m V( k ) ) • 
Thus, for LvW'hjk = 0,the above equation yields ([6]): 

(2.13) 5H' si m = N lm v‘ (s) 

where V does not mean a parallel vector field. 


We put here the 
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DEFINITION 2,1 : An SWRF n space satisfying X m V" * const. is 
called a special one of the first kind. 

Next, let us again go back to the case, 

X m v M = const. Of the foregoing lemma (2.1). Then, (2.7) is 
replaced by 

(2.14) -dr W' hjk H r sIm x s + W s hjk H j slm - W 1 sjk H s hlm 

- w‘ hsk H S j lm - W' hjs H S fcim =0 

Transvecting it by q lm and remembering the 
equation (2.9) we get 

(2.15) 4w' hj k x s + W s hjk V (s) - V s (h) - W' hsk v*® 

- W'hjs v 8 ^) =0 

Substituting the above equation into the right 
hand side of (2.5), we obtain 

(2.16) U W‘ hj k = 6W' h j k 

Therefore when the arbitrary constant 5 

vanishes, we have 

(2.17) L v W‘ hj k = 0 

We put the 
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DEFINITION 2.2 : An SWRF n space is called a special one of the 
second kind when 

A- m v m = const, holds good. 

Summarizing the above results, we have the 

following theorems. 

THEOREM (2.1) : In a special SWRF n space of the first kind, if 
the space has the resolved curvature H 1 hj k of the form (2. 13), 

L v W 1 hjk = 0 holds good. 

THEOREM (2.2) : In a special SWRF n space of the second kind, if 
the arbitrary constant A^ v m vanishes, we have L v W 1 hjk = 0. 

From the last theorem, if A™ = 0, then with 
the help of equation (1.9), we have 
(2.18) WVw = 0. 

Thus, we have 

COROLLARY (2,1) : In a symmetric Finsler space, L v W‘ h jk = 0 is 


satisfied identically. 
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3. COMPLETE CONDITION 

In this section we shall find the necessary and 
sufficient condition for (2.13). From the assumption (1.21), we 
have 

(3.1) U A m = A m(s) v s + (A S v s ) (m) - A s(m) v s = 0. 

By virtue of (2.1) and (2.8), the last equation reduces to 

(3.2) 8 (m ,+ N ms v s = 0 

In view of the equation (1.12), the Lie - derivative of 
N| tn (x) is given by 

(3.3) L v N lm = Ni m(s) v s + N sm v s ( i) +N !s v i (m) 

Remembering the commutation formula (1.16), we 

have 

(3.4) Lv ( A. m (s) ) -(U A m ) (s, = - A r L v G r ms 

With the help of the equations (1.20), (1.21) and (2.8), 

the above relation reduces to 

(3.5) L v N sm = 0 

Differentiating^. 7) covariantly with respect to x and 
using the equations (1 .3), ( 1 .9), (2.7) and (2.8) we obtain 
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(3.6) N, m(n) W' hjk = X n W' hjk N lm +H r alm x a (W s hjk G^-W 1 * G s ht * 

- W' hsk G S j rm -W' h j s G\ m ) 

Transvecting it by x n and noting the second 
equation of (1.2), we get after little simplifications: 

(3.7) Nl m ( n ) = A, n N| m 

Thus, by virtue of the equations (3.3), (3.5) and 

(3.7) , we get 

(3.8) 6 N| m + N sm v s ( i) + N| s v s (m) = 0. 

Next, from the equation (3.2), we have 

(3.9) 8(mXn) - 8(nXm) = "(^ms V )(n) + (NnsV )(m) 

8 being a non-constant scalar function, the above 

equation reduces to 

( 3 . 10 ) N ms v S ( nr N sn v s (m) = - X n N ms v s + A, m N ns v 

where, we have used (3.7) and N ms =-N sm . Substituting 

the last equation into the left hand side of (3.8), we get 

(3.11) 6N mn = - A. n 8(m) + A. m 5 (n ) 

In an affinely connected space, the identity (1.8) 


reduces to 
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(3.12) W'hjkd) + W’hknj) + W'hij ( k)= 0 

which ijnview of the definition (1.9) reduces to 

(3.13) 5 W' h j k = W' h j, v 1 - X j W‘ hks v s 

where, we have used (2.1) and W 1 hjk =-W‘ hkj- Hence, from 
(3.11) and (3.13), we can deduce the following identity: 

(3 .34) 8(8W‘ hjk - Njt v\ h) )= A* (5W i hjs v s +8 (j) v 1 (h) ) 

- X. j (8W'hk s v s +5(k)V i (h ) ) • 

Consequently (2.13) follows when and only 

when, we have 

(3.15) 8 W' hjs v s +8^) v 1 ^ ^ Q'h 

where Q i h means a suitable tensor. Transvecting the 

above equation by V and summing over j, by virtue of W' h jk v*v k = 0 

and 8 (J} v* = 0 derived from (3.2), we get 


(3.16) 8Q' h = 0 

where we have used (2.1). Since 8*0, therefore, the last 
relation yields Q' h =0. Thus from (3.15), we have 


(3.17) W'hjs v s + 5j V' ( h) = 0, (8j -5 (j, /5) 
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In this way, we have 

1 HEOREMQ. 1 ) : In .< order^we have (2. 13), (3. 17) is necessary 
and sufficient. 

Now the equation (3. 17) suggests the concrete 
form of the tensor q lm used in the first half of the article 2. In fact S m 
* 0 implies that there exists a suitable vector p m such that 

(3.18) S m p m = 1 

Then transvecting (3.17) by p 1 and noting the 
above relation, we get 

(3.19) v\ h) = 8W' hs j vV 

If, we introduce 

(3.20) q lni = v 1 p m 

then N !m q lm = N im v 1 p m = 8 (m) p m = 8.5 m p m = 8 
i.e., from (3.17) and (2.13 ), we have 

(3.21) 8 = N lm q lm 

Straightway. Therefore, we can take (3.20) 
concretely. Hence, in order to have the concerte form of q lm , (3.17) 
should be taken as a basic condition in our theory. If this is done we 
are able to have (2.13) always, so L v W' hjk = 0 holds good. 
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Thus, we have 

THEOREM (3,2) : If we introduce v' (h ) by (3.17), L v W'i^ = 0 is 
satisfied identically. 


45 


[ 1 ] Rund , H . 


[2J Yano , K. 


[3] Wong ,Y.C. 


[4] Knebelman ,M.S. 


[5] Slebodzinski ,W. 


[6J Takano ,K. 


REFERENCES 


:The differential geometry of Finsler spaces. 

Springer Verlag, Berlin (1959). 

:The theory of Lie - derivatives and its applications. 
North Holland Publishing Co. (1957), Amsterdam . 

:A class of non - Riemannian K* - spaces. Proc. 
of the London Math. Soc., (3) 3 (1958), 1 18-128. 

:On the equations of motions in a Riemann space. 
Bull. Amer.Math.Soc., 51 (1945) , 682 - 685 . 

: Sur Les transformations isomorphiques dune 
Varie'te a' connexion affine, Prace Mat. Fiz., 

39 ( 1932 ), 55 - 62 . 

On the existence of affine motion in a space with 
recurrent curvature tensor.Tensor, N.S. 10(1), 


17(1966), 68-73. 


CHAPTER HI 


ON hv - RECURRENT F1NSLER CONNECTION 
1 INTRODUCTION 

In 1934 E. Cartan ([1]) published his 
monograph *Les especes de Finsler’ and fixed his method to define a 
notion of connection in the geometry of Finser spaces. In 1966 his 
method was reconsidered by M.Matsumoto ([6]) who determined 
uniquely Cartan ’s connection by assuming four elegant axioms: 

( 1 ) . The connection is metrical. 

(2) . The deflection tensor field vanishes. 

(3) . The torsion tensor field T vanishes. 

(4) . The torsion tensor field S vanishes. 

In 1969, M. Hashiguchi ([3]) replaced 
the condition (2) by some weaker condition and determined a Finsler 
connection with the given deflection tensor field. In 1975 ([4]) he 
also determined uniquely a Finsler connection by replacing the 
condition (3). In almost all these works, it has been assumed that the 
connection is metrical so that covariant differentiation commutes with 


the raising and lowering of indices. 
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In 1990, Prasad, Shukla and Singh ([8]) 
have introduced a Finsler connection with respect to which the 
metric tensor is h - recurrent. Such a Finser connection has been 
called an h - recurrent Finser connection. While introducing an h - 
recurrent Finser connection, it has been assumed that the v - 
covariant derivative of metric tensor vanishes. And the torsion tensor 
fields T and S also vanish. The notion of hv - recurrent Finsler 
connection has also been studied by I.Ghinea ([2]) from another 
stand point. 

The purpose of the present chapter is to 
introduce a Finsler connection, which is neither h - metrical nor v - 
metrical but it is recurrent with respect to both h - and v- covariant 
derivatives. Such a Finsler connection will be called hv - recurrent 
Finsler connection. 


2. BASIC FORMULAE 


For any Finsler connection (F'j k , N' k , 
CVj), we have five torsion tensors and three curvature tensors which 


are given by 
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(2. 1 ) (h)h - torsion tensor: Tj k - F' jk ,- F’ kj , 

(2.2) (v) v - torsion tensor: S’ jk = C jk - C‘ k j, 

(2.3) (h) hv - torsion tensor: C' jk = as the connection C' jk , 

(2.4) (v) h - torsion tensor: R' jk - d k N )- dj N‘ k , 

(2.5) (v)hv - torsion tensor: P' jk = d k N j - F' k j 

(2.6) h - curvature tensor: R‘ hik = d k F' hj - dj F i hk +F m hj F ! mk 

u m v l 4~n' 1 d m 
“ r hk r m j+C hm K jk, 

(2.7) hv - curvature tensor: P' hjk = a k F' hj - C' hk y +C' hm P m jk 

(2.8) v - curvature tensor: S' h j k = C m hj C' mk - C m h k C' m j 

+ 4 C'hj -d } Ch k j 
The deflection tensor field D' k of a 
Finsler connection is given by 

(2.9) D' k = y F j k - N' k . 


When a Finsler metric is given, various 
Finsler connections are determined from the metric. The well known 
examples are Cartan’s connection , Rund’s connection and 
Berwald’s connection. We shall use Cartan’s connection which will 
be denoted by (r‘' jk . G^C^.This connection is uniquely 
determined from the metric function L by the following four axioms: 
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i) gjlk = gijlk = o 

ii) D\ = 0, 

iii) T' jij = 0, 

iv) S'j k = 0, 

and are given by 

(2.10) r* f jk = 1/2 g ih [dk g jh +d jg k h -d h g jk ] 

(2. 1 1) G'k = d k G', G‘ = l/2y'jk y y k , 

(2.12) C‘jt = l/2g' h a h g* 
where 

Y 1 jk = 1/2 g ,h ( d k gjh +3j gkh - d h gjk)is the 
Christoffel symbol of (F n , L). 

3. hv - RECURRENT FSNSLER CONNECTIONS 

Let X k be the component of a vector field 
which is positively homogeneous of degree zero in y 1 and p k be the 
component of a vector field which is positively homogeneous of degree -1 
in y\ Then a Finsler connection { F 1 jk ( X ,p), N‘ k (X, p ), C 1 j k (X, p ) } will 
be called hv- recurrent Finsler connection, if h - and v- covariant 
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derivatives of metric tensor gy with respect to this connection are recurrent, 
i- e - ? gijik = h g.j and gy^ ~ ji k gy. In particular if the h - covariant derivative 
of gij is recurrent, while v - covariant derivative of gy vanishes for a 
connection then that connection will be called h - recurrent Finsler 
connection and will be denoted by F ( \,0) = {F‘ jk (k ),N' k (X. ),C‘ jk (X )}. 
If h -co variant derivative of gy vanishes, while v- covariant derivative of gy 
is recurrent for a connection then that connection will be called v- recurrent 
Finsler connection and will be denoted by F(0,p) = {F 1 jk (p), N' k (p), C j k 
(p)}. The quantities with respect to hv- recurrent Finsler connection will be 
denoted by putting (A,,p) in front of F. The quantities with respect to h- 
recurrent and v-recurrent Finsler connections will be denoted by F( X ) and 
F(p) respectively. The quantities without any parenthesis will correspond 
to the quantities with respect to the Cartan’s connection CT. To avoid 
confusions we use the h- and v- covariant derivatives with respect to CT by 
jk and jk while these covariant derivatives with respect to any hv — recurrent 
Finsler connection will be denoted by ||k and k. To determine such an hv- 
recurrent Finsler connection we have the following: 
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THEOREM (3,1) : Given the covariant vector fields A k and 
Hk, there exists a unique Finsler connection F (A, q) = 

{F'jk (A, q), N' k (A, q), C' jk (A, q) satisfying the axioms : 

(3.1) (R|) gjjiik = A k gij, 

(R 2 ) gijllk = H-k gij, 

(R 3 ) The deflection tensor field D' k ( A ,q) vanishes 
i.e. N’ k (A ,q) = y 1 F‘ jk (A,q) 

(R 4 ) The torsion tensor field T‘j k (A ,q) vanishes 
i.e. F'jk (A ,q) = F‘ kj (A ,q) 

(R 5 ) The torsion tensor field S' jk vanishes 

i.e. C'jk(A,q) = C' k j ,g)- 
PROOF : From (3.1) R, we have 

(3.2) d kgy - N m k (A,q) d m gij - g mj F n, ik(^g) - &m F "’ jk 
- A k gij • 
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Applying Christoffel process to the 
above equation using(3.1) R 4 , (2.12) and (2.12) and (2.13) 
we get. 

(3.3) F' jk (X,n) = y' jk - (C jni N"\ (X,p) + C km N m j (X,p) 
-g ni C jkm N m n (A.,p)} -1/2 (X k 8j + 6 f k - Vg jk ) • 

Contracting (3.3) with y", using the 
condition (3.1) R 3 and the fact that C 1 j k is the indicatory 
tensor, we get 

(3 -V N' k ( X,g) = y Ok - Cta N m o (X,|i) - 1/2 ( A* y j + 
h 8' k - X 1 y k ), 

where 0 denotes the contraction with y 1 
i.e. Xo = X j y». Again contracting (3.4) with y k and using 
(2.11), we get 

(3.5) N'„ (X,*i) = 2G 1 - W + 1/2 L 2 X' ■ 

Substituting (3.5) into (3.4) and using the 

fact that the non-linear connection of Caftan’ s connection is 
G' k = y ok - 2 Ckm G m we get 
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(3-6) N\(?t,p) = G’k + T k 
where 

(3.7) T' k = 1/2 (\'y v - X k y' - Ao 8 ' k - L 2 C' k ) 

0.8) c k = r C km 

Substituting (3.6) into (3.3) we get 

(3.9) F' jk (A.,ji) = F*' jk + Q' jk 

where r*j k is Cartan’s v - connection given 
by ( 2 . 10 ) and 

(3.10) Q' jk = 1/2 { Ao C' |k + L 2 (C‘ jm C m k + C km C™- - 

C m jk Cj-tfjyk + Ckyj - C jk y')- 
( A. k 5' j + A.j 8 'k - 7,' gj k ) 

From (3.1) R 2 it follows that 

d k gij - gmj C m ik (A,p) - g im C m j k (A,,p) = p k gjj 

Applying Christoffel process to the 

above equation and using (3.1) R 5 we get 

(3.11) Cjk (X,\x) = C) k + CT i jk 
where 

(3.12) cr 1 ik = 1/2 (p' gjk - Mj 8'k - Mk Sj ) 
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From (3.9), (3.6) and (3.11) it is 
evident that the hv-recurrent Finsler connection {F 1 jk (A,|i), 
N'k (A.,p), Cj k (A,g} is uniquely determined from the metric 
function L and from the given vector fields A* and • 

In the following we establish the 
relation between (v) h- torsion tensors and (v) hv - torsion 
tensors corresponding to hv- recurrent Finsler connection 
determined in the theorem (3.1) and Cartan’s connection. 

From (2.4) and (3.6) we get the (v) h- 
torsion tensor R' jk (A,p) of hv - recurrent Finsler connection 
as 

(3.13) R'jj; M = R , it + T 1 ft>-T i l(e + T" 3„T t 

T m ^ r r* i 

k C7 m 1 j, 

where R 1 j k is the (v) h - torsion tensor of 
Cartan’s connection and (k) denotes the h-covariant derivative with 
respect to Berwald’s connection (G 1 j k , G' k , o). The Berwald’s v- 


connection is defined as 
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G 'jk = 9 k G'j 

and G'k is the same as Caftan’ s G' k ■ 

From (2.5), (3.6) and (3.9) we get the 
( v )hv - torsion tensors Pjk (A,,p) of hv - recurrent Finsler 
connection and Cartan’s connection as 

(3.14) P'- ik (A,p) = P j jk +d k fj-Q'kj 

where Pj k is the (v)hv-torsion tensor of Cartan’s 
connection. 


From (3.6) and (3.9) we have the following 

(3.15) Q'ok = T'k, Q’jk == Q i kj 

Since Tj is positively homogeneous of degree 

one in y' and Pjk y k = 0, from (3. 14) and (3.15) we get 

(3.16) P‘ jo (X,p) = 0, 

P‘jk 9 k Tj - 9j f k 

In view of (2.6), (3.6), (3.9) and (3.13) we 
have the following relation between h-curvature tensors of hv- 
recurrent Finsler connection and Cartan’s connection.: 
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(3.17) R hjk (^,M) - R 1 hjk + Q 1 lijjk - Q' hkjj 

-T m k a m r*' hJ -T m k a m q 1 hj 
+ T m j d m r*' hk + T m j a m Q i hk 
+ Q m hj Q 1 ** - Q m hk Q' mj + o‘ ta R m jk 
+ (C‘ hrn + or ‘ hm) (T m j(k ) - T m k(j) 

+ T'j (X T m k - T r k a r T m j). 

I he relation between hv-curvature 
tensors of hv-recurrent Finsler connection and Cartan’s 
connection will be determined from (2.7), (3.6), (3.9) and 
(3.14). This relation is given by 

(3.18) P‘ hjk (A.,g) = P‘ hjk + T" 8 m ( C* » + O 'hm) 

+(C‘hm + Cf'hm)4 T m j + Q'hjllt-o'hkU+a'hm P"’jk 
+ O hm C' n j k -a nl hk Q'mj+ cr'mk Q^ij • 

The relation between v-curvature tensors 

of hv-recurrent Finsler connection and Cartan’s connection is 
obtained from (2.8) and (3.1 1) and this is given by 

(3.19) S‘hj k (A.,g) = S hj k "^/^M {C mk ghj"*" C m hk 8j -C n ij ghk 

-C m hj 5' k } + 0/4) {J. 2 (ghk 8 j - ghj 5'k) 


+ (1/4) g 1 (ghj M-k — ghk Mj) 
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+{i/4)|i h (jij 5‘ k - n k 8 j) + d k & hj - 5 jct 'hk 
where p 2 = p m |i m . 

4 . h - RECURRENT FINSLER CONNECTIONS 


An h-recurrent Finsler connection is a 
particular form of hv-recurrent Finsler connection obtained by 
putting = 0. In this section we consider a particular case of h- 
recurrent Finsler connection in which Xk is the unit vector 1 k and 
and pk = 0. Thus from (3.7), (3.10) and (3.12) we get 

(4.1) r k = - 0 /2) L 8' k , Ck = 0, 

(4.2) Q' jk = (1/2) (L C' Jk -U 5 j - 1 j 8‘ k +> ' gjk) 

(4.3) cr'jk = 0. 

In view of (4. 1 ) and (4.3) we get the following 
h-recurrent Finsler connection {F‘ j k( X ), N 1 k (X ), C jk (X )}: 

(4.4) F* j k (X) = r*' jk +(l/2)(LC‘jk - U 5'j-lj 8'k 

+ 1 1 &). 

(4.5) N'k (X ) = G‘k-(l/2)L 8'k, 

(4.6) C' jk (X ) = C jk 
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Since L (k) = 0, in view of (3.13) and 

(4. 1 ), we have 

(4.7) R' jk (A. ) = R' jk +(l/4)(y j 8 i k - y k d) ) 

Matsumoto ([7], p. 168) defined a 
Finsler space of scalar Curvature K which is characterized by 

RV y 1 = K (L 2 5’t - y k y 1 ) 

If the scalar curvature K is constant then 
the space (F n , L) is said to be a Finsler space of constant 
curvature ([7], p. 170). In view of the relation (4.7) we have 
the following: 

THEOREM (4,1) : If the (v) h-torsion tensor R' k j (X) of an h- 
recurrent Finsler connection F(X ) with respect to X k = 1 k 
vanishes then (F n , L) is of constant curvature (-1/4). 

Substituting (4.1) and (4.2) in (3.14) we 
get 

P' jk (X ) = Pjk " (l/2)(L C jk — IjSk +1 gjk)- 
This relation gives 

P' ok (X ) - (l/2)Lh‘k, P jk ~ -(l/2)Lhjk, 
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PV (A.) - P'kj (X ) =(l/2)(l j B\-\ k 8'j), 
which give the following : 

THEOREN (4,2) : The (h) hv-torsion tensor P‘j k (X) of an h- 
recurrent Finsler connection F(A.) with respect to X k = 1 k 
never vanishes. 

Substituting the values of T' j, Q‘ j k and 
a'j k from (4.1), (4.2) and (4.3) in the relation (3.17), and 
using (2.7), (2.8), we get 

R ' m (1 ) = R 1 * +(1/2)L (P‘ hjk - P hkj ) 

+ tl/4)L 2 S' hji: +(l/4)(5‘ k ghj- 8j gt,t) . 

Since P 1 hJk - P 1 kkj = - 8‘ ([7]), p. 1 1 5), 

we have the following : 

THEOREM (4.3) : If the h-curvature tensor R 1 hjk (X ) of an h- 
recurrent Finsler connection F (A. ) with respect to X k = 1 k 
vanishes and (F n ,L)is of constant curvature (-1/4), then 

S'hjkp = 0 /2) L S hjk ■ 
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To find the relation between the hv - 
curvature tensors of an h-recurrent Finsler connection F(X) 
with respect to X k = 1 k and CP , we differentiate (4.2) v- 
covariantly with respect to CP .Then we have 

Qhjik = (l/^lkC‘hj+lC'hj|k-5/L) hhk8j-|/L)hji c 8‘h+(l/L)h'k ghj ). 
Substituting (4.1), (4.2) and (4.3 ) in 
(3.18) and using (2.8) we get 

- Phil +(!/2jLS i tjl +(l/^ ltju-kCV) 
Xl/2^h i ia ,-h hl 5 i i -h jl 5 i h ). 

Since the vertical connection C j k (A.) of 
an h-recurrent Finsler connection F(A.) is the same as the Cjk 
of Cartan’s connection, therefore from (2.8) it follows that 

the v -curvatures of both the connections will be the same . 

5 . v - RECURRENT FINSLER CONNECTIONS 

A v - recurrent Finsler connection 
F (p) = (Fjk (p), N'k(p), C jk (p)} is a particular hv- 
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recurrent Finsler connection F(A,ji) obtained by putting A* =0. 

I bus from (3.6), (3.9) and (3.11) it follows that 

N't (|i) = G'k , Cjk(ji)=C jk+ajk . 

it is to be noted that our v -recurrent 
Finsler connection is the generalized Cartan’s connection C a f 
defined by S. Hojo ([5]). 


Putting T j = 0 and Q‘ jk = 0 in(3. 13) and 
(3.14) it follows that (v) h-torsion and (v) hv-torsion tensors 
corresponding to v - recurrent Finsler connection and 
Cartan’s connection are identical, i.e., 

(5.1) R* jk (*i> = R* jk. P‘ J k(p) = P i Jk - 


The relation between h-curvature tensors 
corresponding to v-recurrent Finsler connection and Cartan’s 
connection is obtained from (3.17) by putting Tj = 0, Q' jk = 
0 and the value of or'jk from (3.12). 
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Thus 

(5.2) R' h)l (n) = R' bjt +(|/2 Xm 1 Rhjt - n „ R" Jk 

~ U h R' j k ). 

Now if the Cartan’s h-curvature tensor 

R' & = o, 

then R J k = R ' hjk y h = 0. Hence from (5.2) we have 

R‘ hjk (M ) = 0. 

Conversely, if R' hjk ( u ) = o then after 
contracting ( 5 . 2 ) with y h , we get 

( 5 . 3 ) R’jL Ror- M„y'R V noR'ji ) = 0 . 

Again contracting it with y' we get, 

( 5 - 4 ) Rojk =( 1 / 2 ) L 2 ji m R m j k . 

Transvecting ( 5 . 3 ) with ji , we get 

(5.5) (I- Mo) R m jk ji m +{1 /2)p. 2 Rojk = 0 , 


where ji 2 = ^ p.' , 
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From (5.4) and (5.5) we get R ()j k = 0 = 
R- m jk M-m provided 4(1- go) + p 2 L 2 * 0 .Hence from (5.3) we 
get Rj k = 0 provided po * 2 . Therefore putting R' h jk (p)= 0, 
R‘jk = 0 in (5.2) we get R'hjk = 0. Thus we get the following: 

THEOREM (5,1 ) : If a v - recurrent Finsler connection F(p) 
satisfies 4(1- p<>) + p 2 L 2 * 0 , po ^ 2 then the following 
are equivalent: 

(a) h - curvature tensor corresponding to v - recurrent Finsler 
connection vanishes. 

(b) h- curvature tensor of Cartan’s connection vanishes. 

The hv - curvature tensor of v - 
recurrent Finsler connection will be obtained from (3.18) and 
(3.12) by putting T'j= 0 and 


Qjk = 0. Thus 
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(5.6) P'hjk(M-)— P'hjk - ^/^( M-'jghk-M-kijS'h- HhyS'k)+ 

+ i (P-'Phjk - M-mP m jkS‘h- PhPjk) • 

2 . 

If P'hjt = 0 then P^PV y h = 0. Hence 
from (5.6) we have P'hjk(|a)=0 provided pj|k=0. Conversely if 
P'hjk = 0 = p j| k , then we have 

(5.7) P i hjk 4(l/^p i P hj k- PmPVh- |ihPjk)=0. 

Contracting (5.7) with y h and using the 
fact that P hjk y h = 0, we get 

(5.8) (2- Po)Pjk = Pm P^kY'- 

Again contracting (5.8) with pi we get . 
PUP m jk =0 provided p<,*l. Hence (5.8) yields P‘ k =0 if Po^2. 
Thus (5.7) gives P'h jk =0. Hence we have the following: 

THEOREM (5.2); If a v - recurrent Finsler connection F(p) 
satisfies n * = 0, g o*l,2 then the following are equivalent: 
(a) hv - curvature tensor of v- recurrent Finsler 
connection vanishes. 
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(b) hv - curvature tensor of Cartan’s connection vanishes. 

Since the vertical connection Cj k (k, 
p) of hv - recurrent Finsler connection is identical to the 
vertical connection Cj k (|_i) of v - recurrent Finsler 
connection, the v - curvature tensor S' hjk (p) of v - recurrent 
Finsler connection is also given by (3.19). 

If the recurrence vector ji k is such that 
g k = L*'l k , then (3.19) reduces to 

(5.9) S' hjk (g ) = SV- (3/ 4L 2 ) (h hk h) - h hj h j k ). 

A Finsler space of dimension n > 4 is 
called S3 - like if S' hjk is of the form ([9]): 

L 2 S‘hj k = S (h h j h' k - h hk h'j), 

where S is a scalar. In this case the scalar 
S is a function of position alone ([10]). Therefore (5.9) gives 


the following: 
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THEOREM (5.3) : If v - curvature tensor of a v recurrent 

Finsler connection F (p ) with respect to p* = L' 1 l k vanishes 
then (F n , L) is S3- like. In this case S = -3/4 . 
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CHAPTER IV 


ON A TRANSFORMATION OF THE FINSLER 

METRIC 


1. INTRODUCTION 


Let F n = (M n , L) beann- dimensional Fisnler 
space, that is an n - dimensional differentiable manifold M" 
equipped with a fundamental function L(x, y). In 1971, Matsumoto 
[5] introduced the transformation of Finsler metric : 

(1.1) L(x, y) = L(x,y) +X I (x)y 1 

( 1 .2) L* 2 (x, y) = L 2 (x, y) + (X ; (x) y') 2 

and obtained the relation between the imbedding class 
numbers of tangent Riemannian spaces to (M n , L), (M n , L) and 
(M n , L*). Assuming X; (x) as a concurrent vector field and keeping 
in view the fact that a concurrent vector field is a function of 
coordinates only, Matsumoto ([3]) has studied the R3 - likeness of 
Finsler spaces (M n , L) and (M n , L). Singh and Prasad ([8]) and 
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Prasad, Singh and Singh ([7]) generalized the concept of concurrent 
vector field and introduced the semi — parallel and concircular vector 
fields which are functions of coordinates only. Assuming X^x) as a 
concircular vector field, Prasad, Singh and Singh ([7]) have studied 
the R3 - likeness of (M n , L) and (M n , L). 

If L (x, y) is a metric function of Riemannian 
space then L(x, y) reduces to the metric function of Rander’s space. 
Such a Finsler metric was first introduced by G. Randers ([10]) from 
the stand point of general theory of relativity and applied to the 
theory of the electron microscope by R.S. Ingarden ([1]) who first 
named it as Randers space. The geometrical properties of this space 
have been studied by ([12]), ([13]) and others. In 1978, Numata 
([9]) has studied the properties of (M? L)which is obtained from 
Minkowski space (M n , L) by the transformation (1.1). In all these 
works the functions X; (x) are assumed to be functions of 
coordinates only. 

izumi ([2]), while studying the conformal 
transformation of Finsler spaces, introduced the h — vector X; which 

.A; ' 
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is v - covariantly constant with respect to Cartan’s connection and 
satisfies the relation LC h jj X h = phy. Thus the h- vector X; is not only 
a function of coordinates but it is also a function of directional argu - 
ments satisfying L5jXj=phjj .Various transformations of the Finsler 
metric have been studied in the literature ([5]), ([6]) and ([7]). Prasad, 
Shukla and Singh ([6]) have obtained the relation between imbedding 
class numbers of tangent Riemannian spaces to (M n , L) and (M n , L), 
where L(x, y) is obtained from L(x,y) by the transformtion 

L(x, y) = L (x, y) + Xj(x) y' 

under the assumption that X ; is an h - vector in (M n , L). 


The purpose of present chapter is to obtain the 
relation between v - curvature tensors with respect to Cartan’s 
connection of the Finsler spaces (M n , L) and (M n , L*), where 
L*(x,y) is obtained from L(x,y) by the transformation 

L * 2 (x,y) = L 2 (x,y) + (Xj (x,y) y 1 ) 2 , 
where Xj (x, y) is an h - vector in (M n , L). 
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2. AN h-VECTQR SN (M n .U 

Let Xj be a vector field in the Finsler space 
(M n , L). If Xj (x,y) satisfies the conditions 

(2.1) Xj | j = 0 

(2.2) LC h y X h = P-fuj , 

then the vector field Xj is called an h-vector ([2]). 
Here jj denotes the v - covariant derivative with respect to Cartan’s 
connection Cr, C h ij is the Cartan’s C - tensor, hy is the angular 
metric tensor and p is a function given by 

(2.3) p =(l/n-l) L C'Xj 

where C is the torsion vector Cjk gr • 

LEMMA (2.1) : If X, is ant- vector then the functions p and X, = 
X/ - pi' are independent of y. 


This lemma has been proved in [2] 
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. LEMMA (2.2) : The magnitude X of an h - vector X,- is 

independent of y. 

This lemma has been proved in [6] 

LEMMA (2,31 : For an h - vector X, we have S hijk X* = 0, where 
S ,„ Jk is v- curvature tensor of Cartan’s connection CT. 

This lemma also has been proved in [6], 

Let X, be an h - vector in the Finsler space 
(M”, L) and (M", L*) be another Finsler space whose fundamental 
metric function L*(x,y) is defined by. 

(2.4 ) L* 2 (x,y) =L 2 (x,y) + p 2 (x,y), 

where p(x, y)=Xj y' . Since X, is h - vector, from (2.1) 

and (2.2) we get. 

djXt = C l Phy, 


which after using the indicatory property of h tf yields 
( \ p= Xj.Thus differentiation of (2.4) with respect to y‘ gives 
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(2.5) L* l*i = L 1; + (j. X ; , 

where l*j = d } L is the normalized element of support in (M n , L*). 
The letters marked with asterisks denote the quantities of (M n , L*) . 

Since d } lj = L' 1 h ij5 differentiation of (2.5) with 
y* and application of (2.4) yield. 

(2.6) h*jj + l*ilj‘ = ahy + li lj + X ; X j9 
where 

(2.7) a = (l+|ip/L). 

Hence we have 

(2.8) g* ij = gij+ (1-cr ) lilj +XiXj 


From(2.8), the relation between the 
contravariant components of the fundamental metric tensors can be 
derived as follows: 


<2.9)*-» =a V - ' + l' x ‘b 0 ~ + \X' X ‘ 


Where 
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(2.10) ^ = [{ g( 1-a)!i 2 } - X 2 - a], 

L 2 

and X is the magnitude of the vector X 1 (= g 1 ^ Xj) 

From the lemma (2.1) and relation (2.7) we get 

(2.11) dj o = (p/L) u„ 

where 

(2.12) Ui = Xj -( p. /L) h 

Since d k li = L' 1 h ik , differentiating (2.8) with 
respect to y k and using (2.4) ,(21 1) and (2.12) we get 

(2.13) C* ijk = a Cp + (cr/2L)(h ij u k + h ki uj + h jk u;) . 

From the definition of u ; , it is obvious that 

(2.14) (a) u; 1' = 0, 

(b) u, X'=X 2 -(p 2 /L 2 )= Ui u', 

(c) hjj u j - hij X 1 = Uj, 


From (2.2), (2.9), (2.13) and (2. 14) we get 


(2.15) C*‘ s = C h ij +(p/2Lr) (h (j u h + Ui + h h i u,) 
_(tl-o)pp/L 2 fS)[ (a -»{l/2)(X 2 -p 2 /L 2 ))h, j +u i u i ]l h 

+(p/L^[{o+(l/2|(X 2 - p 2 /L 2 )) hij+ Ui Uj]X h 

The v - curvature tensor S* h ijk of (M n , L*) is 

defined as 

(2. 1 6) S* hijk = C\ km C* m ij - C* hjm C* m ik 

From (2.13) and (2.15) we have 

(2.1 7) C hkm C m ij = CT Chkm C jj + a hjj hhk 

+|p/2Lj(C jjk Uh + Cijh u k + Cm u, + Qia u,) 

+ h hk uj Uj { p 2 a/ L 2 <j> + p 2 /2 L 2 <j> 

+(p 2 /2 L 2 <f> ) (X 2 V/L 2 ) } + hjj u h u k [p 2 /2L 2 a 


(2.18) 

(2.19) 

( 2 . 20 ) 
(2.21) 
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+ (p 2 /L 2 ^){o+(l/2j(X 2 V/L 2 )}] 

2 2 

+ (P /4 L (j> ) (h jh Ui u k + h ih Uj u k + h jk u; u h +h ik uj u h ) 


+ (p 2 / L 2 (j> )u,UjU h u k 


where 


a = p 2 / L 2 + p 2 g 2 / L 2 (f> + (p 2 / L 2 <j> ) (X 2 -p 2 /L 2 ) 


+ (p 2 /4L 2 g) (X 2 -p 2 / L 2 ) +( p 2 /4 L 2 )(X 2 -h 2 / L 2 ) 2 


Thus from (2.16), we get 


S hijk - Shij k + hy d hk + h hk djj — hj k dhj h k j dj k , 

where 

dy = (j/2)a hy + b p uj, 

b =p 2 d L 2 </> + p 2 / 2L 2 o + (p 2 / 2LV ) (X 2 - p 2 /L 2 ) 


- p 2 / 4L 2 * 
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3. HYPERSURFACE OF (M“. Lt 

Let (M"' 1 , L) be a hypersurface of (M n , L) given 

by the equation 

(3.1) x i =x i (u“) 

Let us suppose that the functions (3.1) are at 

least of class C 3 in u“ and the projection factor =dx?/d u <x are such 
that their matrix has maximal rank n-1. The fundamental metric 
function L (u,v) of the hypersurface is given by 

L (u‘\v a ) = L [ x' (u a ),B 'a v a ], 

where v is the element of support for the hypersurface 

for which 

y = BuV 

Thus if l a denotes the normalized vector 

along the element of support then 

l'-BaT 


( 3 . 2 ) 
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If ghj (x,y) denotes the metric tensor of (M n , L), 
the induced metric tensor of (M n ‘‘, L) is given by 

(3.3) & 4 >(u,v) = g hj (x, y) B h « B J p. ' 

The inverse of (3.3) is denoted by g a **(u,v) by 
means of which we define the quantities. 

(3.4) B a | (u,v) =g u|i (u,v)gij (x,y) B J p. 

The unit normal vector N J (x,y) of (M n "‘, L) is 
determined by the relations 

(3.5) g hj (x,y)B h «N J (x,y) =0. 

ghj (x, y) N h (x, y) N J (x,y)=l. 
we have the following identity from (3.3), (3.4) and (3.5), 

(3.6) B“ B j p = 5°p , B j a B a h + N 1 N h = ^ 
where N; = gj(x, y) N J 

If C hjk (x, y) denotes the (h) hv - torsion tensor 
of (M n , L), the induced (h) hv - torsion tensor C a p Y (u, v) of (M. L) 


is given by 
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(3.7) Copy (u, v) - C hjk (x,y) B h « B-*p B k r , 
from which we get 

(3.8) C\ = B'tt C j k B j p B k y . 


The relative v- covariant derivative of the 
projection factor B 1 with respect to induced Cartan connection ICT 
is defined as ([4]) 

(3.9) B j p|y = - B‘a C a py+ C hk B h p B^ 

This tensor is normal to (M"' 1 , L). Therefore 

we may write 

(3.10) B' p| r = M ($r N‘. 

From (3.9), it is clear that Mpy is symmetric in p 
and y and it may be written as 

(3.11) Mpy = C ijk N‘ B J p B k y . 

The tangent vector space M n '' x to M 1 ” 1 at every 
point x' is regarded as (n-1 )- dimensional Riemannian space (M x , |*) 
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with the Riemannian metric g x - gap (u,v) dv a dv*\ The components of 
(h) hv - torsion tensor C u p y will be the Christoffel symbols associated 
with g x . If M n x is the tangent vector space to M" at x‘(= u a ) the (M* 
gx) will be the hypersurface of (M n x , g x ) whereg x = g ;j (x,y) dy' dy* is the 
Riemannian metric of M n x . The quantities Mp y given in (3.1 1) will be 
considered as the coefficients of second fundamental forms of tangent 
Riemannian space (M n '’ x , gx) 

In general the coefficients of the rth 
fundamental forms of (M"' 1 , gx) are defined as ([11]): 

C(| )a p — gap, C( 2 )«P — Map,C( r )ap — C( r .|)a§ M p (2< r< n), 
where M 6 p = g <lS Map 

flf 

4. h - VECTOR FIELDS IN ( M 1 " 1 , L) 

At the point of (M n_l , L), the vector X, may be 

written as 


(4.1) 


Xi=X« B“ + mNj, 
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where 

(4.2) (a)X„ = Xj B'a , (b) m = Xj N‘- 

Since X i |p = X i |jB i p, we have from (4.2(a)) 

and (3.10) 

(4.3) Xu|n = Xj|jB'uB J p + m Map 


from (3.1) and (3.6) we get 


(4.4) LC a a p Xu =LC h ij X h B i pB j y -LmMp T 


If Xj is a concurrent vector field in F n then in 
view of (2. 1 ), (2.2) and (3.5) the equations (4.3) and (4.4) reduce to 

X«jp - m M«j». LC“i y Xu =p k-Lra Mpy 


In view of these relations, we have the 


following : 
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THEOREM (4.1) ; Sf Xj is an h - vector field in (M n , L) the vector 
field Xa = Xj B'a is also an h - vector field in (M"' 1 , L) *// 

(i) Xj is tangential to the hypersurface (M n_1 , L) 

Or 

(ii) Mujs= 0 


The hyperplanes of first, second and third kinds 
are defined in [4] . In an hyperplane of third kind M u p vanishes 

[4j. Thus : 

THEOREM (4.2) : If Xj is an h-vector field in (M n , L) then vector 
field X, B'u is also an h-vector field in a hyperplane of third kind. 

In the following, we assume that Xj is tangential 

to (M"* 1 , L) so that 

(a) X; = XuB U j , (b) X; = X a B'a 
where X u = g a ^ Xp 


(4.5) 
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CHAPTER V 


ON THE FINSLER SPACE WITH METRIC 

ds = (gij (y) y' y J ) 1/2 + X* (x,y) y' 

1 . INTRODUCTION 

Let F n = (M n , L) be an n-dimensional Finsler 
space, that is an n- dimensional differentiable manifold M n equipped 
with a fundamental function L(x, y). In 1974 Matsumoto ([5]) 
introduced the transformaon of the Finsler metric:. 


(1.1) L* (x, y) = L (x, y) + b|(x) y‘ 

and obtained the relation between the Cartan’s 

connection coefficients of (M n , L) and (M n , L*). In 1985, [9] he 


also developed systematically the theory of induced Finsler 
connections and dealt, in particular, with the four Finsler 
connections namely Cartan connection, Rund Connection, Berwald 
connection and Hashiguchi connection. It has been assumed that the 
functions bj(x) in (1.1) are functions of coordinates only. If L (x, y) 
is a metric function of Riemannian space then L (x, y) reduces to 

Such a Finsler metric was first 


the metric function of Randersspacej 


introduced by G. Randers ([7]) from thevisw^oint of general theory 
of relativity and applied to the theory ofielectiorymicroscope by 
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R.S. Ingarden ([!]), who first named it a Randers space. In the 
papers ([4]), ([5]) and ([8]) this space has been studied from a 
geometrical view point. In 1978, Numata ([6]) has obtained the 
torsion tensors R h j k and F h jk of (M n ,L*) which is obtained from 
Minkownskian space (M n , L) by the transformation (1.1). In all 
these works the functions bj are assumed to be a function of 
coordinates only. 

Izumi [2], while studying the conformal 
transformation of Finsler spaces, introduced the h-vector X ; which is 
v-covariantly constant with respect to Cartan’s connection CF and 
satisfies the relation LC h y X h = phy . Thus the h-vector X; is not 
only a function of coordinates but is is also a function of directional 
arguments satisfying L d } X; = p hy. In the second section of this 
chapter we shall find out the relation between Cartan s connection 
cr of (M n , L) and (M n , L*) where L* (x,y) is obtained from L(x,y) 
by the transformation: 

(1.2) L' <x, y) = U*.y) + X (x,y) y' 

under the assumption that X, (x,y) is an h-vector in (M , L). 
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In the third section of this chapter, we shall 
introduce a Finsler space with a metric ds = p+|3, where p = [ gij (dx) 

dx 1 dx>] 1/2 is a Minkowskian metric and (3 = X; (x,y) y j , where X; is an 
h-vector in (M n , L). We shall find out the torsion tensor R* hjk of F* n 
and consider the case that this space is of scalar curvature. The 
fourth section is devoted to find the torsion tensor P*hjk and to 
consider the case that this space is a Landsberg space. 


2. CARTAN’S CONNECTION OF THE SPACE F* n 

Let X:^be a vector field in the Finsler space 
(M n , L). If X; satisfies the conditions 
(2.1) (i)Xilj = 0, (ii) LC h ij = p hij 

then the vector field X; is called an h-vector ([2]). 
Here in the above equation (2.1) |j denotes the v-covariant derivative 
with respect to Cartan’s connection CF, C h y is the Cartan’s C- 
tensor, h ;j is the the angular metric tensor and p is a function 


given by 
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(2.2) p = { l/(n-l)J L C' X;, C l = C', t g* 

from (2.1) we get 

(2.3) d } X' = L' 1 p hy 

if we denote Xj y 1 as (3 then indicatory property 

of h,j yields 3 = Xj 

Thus differentiation of (1.2) with respect to y' 

gives 

(2.4) L*j = Li + Xj 

Throughout the chapter, we shall use the 

notations 

Li = d,L, Ly= dj d ,• Letc. 

The quantities and operations referring to F* n 
are marked with asterisks. Thus from (1.2) we get 

(2.4) (a) l*j = li + Xj 

where f is the normalized element of support. Again 


from (2.3)and (2.4) we get 
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(2.5) L*jj = (1+p) Ljj 

If&j = 1/2 d j d , L 2 denotes themetric tensor 
of F n then the angular metric tensor hy of F n is given by 

(2-6) hy = gy - 1; lj = L 1 Ly 

Thus (2.5) may be rewritten as 

(2.5) (a) h*y = x(l+p) hy, 

where x = L' 1 L* 

By virtue of (2.6), (2.5) (a) and (2.4)(a) the 
relation between fundamental tensors is given by 

(2.7) g*ij= x(l+p)gy+ { 1-x (1+p)} li lj 

+ (l i X j +l j X i ) + X.Xj 

from (2.7) the relation between contravariant 
components of the fundamental tensors will be derived as follows: 

(2.8) g* ij = Ml+P) ] •’ z 1 (1+p)- 1 {l-X 2 -x(l+p)( r P 

-x 2 (i+p)-' (rx'+Px 1 ), 

Where X is the magnitude of the vector X' = g lj Xj • 
By virtue of lemma (2.1) of chapter IV and (2.5) it follows that 
all the successive derivatives of L*y with respect to y k are 
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proportional to the corresponding successive derivatives of Ljj with 
factor of proportionality ( 1+p), i.e. 

(2.9) (a) L* ijk =(l+p)L ijk , (b) L* ijkh =(l+p)L ijkh and so on . 
From the equations 

(2.10) L;j k =2L 'Cjj k -L 2 (hjj l k +hj k lj+h k j lj) , Cjj k =l/2<9 k gjj , 

(2.4)(a) , (2.5)(a) and (2.9)(a), we obtain the following 
relation between C;j k and C*jj k : 

(2. 1 1) C*ijk - r(l+p) Cijk +{ (1+p) /2L} (hjj u k +hj k Ui+h ki Uj), 
where we put 

(2.12) u i = X i -pL' 1 li 
from (2.1), (2.8) and (2.11) we get 

(2. 1 3) C* h jj = C h y + (2L*)' 1 (hij u h +h h j u; +h h j uj) 

-L*' 1 [{p + (2L*)' 1 L(X 2 -p 2 L’ 2 )} by 

+ LL*’ 1 u; Uj] l h - 

Now we shall be concerned with Cartan’s 
connection of F n and F* n . This connection is denoted by CX = (F‘ jk , 

N‘ k , C jk ). 
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Here N' k = N‘ ok (=y» F' jk ) and C h ;j = g hk C ikj 

Since for a Cartan’s connection 
0 = Djj !k = d k L, } - L ijr N r k - L,j F r j k - L ir F r j k , 

We obtain 

(2.14) d k Ly = Ljj r N r k + Lrj F r ik + L ir F r j k , 

Differentiation of(2.5)leads to 

(2.15) d k L y = ( 1 +p) d k Ly+p k Ly, 
where p k = d k p. If we put 

(2.16) Dj k = F* j k -F j k 

then the difference Dj k is obviously a tensor of (1,2) 
type. In view of(2.14) the equation (2.15) is written in the tensorial 
form 


(2.17) (1 +p) (Ly r D r ok +Lrj D r ik +L ir D r jk ) = p k Lg. 

In order to fmd the difference Dj k we construct 
supplementary equations to (2.17). From (2.4) we obtain 

(2.18) djL*i=djLj+ <3jX| 

From Ljy = 0, the equation (2.18) is written in 


the form 
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L ir N r j + L r F ^ - (I+p) L ir N r j + (L r + X r ) F r ;j + X* 

By means of (2.4), (2.5) and (2.16) this 
equation may be written in the tensorial form 

(2. 18)(a) (1+p) Lj r Doj + (i r +X r ) D r y = X^ 

To find the difference tensor Dj k we have the 

following ([4]): 

LEMMA (2.1) The system of algebraic equations 
(i) L ir A r = Bj, (ii) (l r +X r ) A r = B 

has a unique solution A r for given B and B ; such that 
B; 1' = 0. The solution is given by A' =LB‘ + t *' (B-L B p ) 1', where 
the subscript p denotes the contraction by X 1 . 

Now we establish the following ; 

THEOREM (2.1) : the Cartan’s connection of F* n is completely 
detenmined by the equations (2.17) and (2.18) (a) in terms of the 
one of F". 

PROOF: It is obvious that (2.18) (a) is equivalent to the two 

equations 


(2.19) 


(1+p) (L; r D r oj+Lj r Doi) +2 (lr+X r ) D jj 2 Ejj 
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(2.20) ( 1 +p) (L jr D r 0 j -L jr D r oi ) = 2Fij 
where we put 

(2.21) 2E ij + X ilj + X J i,2F ij = X i j-X j|i 

On the other hand (2.17) is equivalent to 

(2.22) 2 (1+p) Lj r D r j k + (1+p) (Ljj r D r o k + Lj kr D r oi - L k i r D r „j) 

— pk Ly + pi Ljk — pj Lkj 

Contracting (2. 19) with y*, we get 

(2.23) (1+p) Lj r D r oo = 2 (l r + X r ) D r oi = 2E l0 

Similarly from (2.20) and (2.22) we obtain 

(2.24) (1+p) L ir D r 00 = 2Fj 0 

(2.25) (1+p) (Lir D r oj + Lj r D r 0 j + Ly r D r 00 ) =po Ly 

Contraction of (2.23) with y 1 gives 

(2.26) (l r +X r )D r oo=E 00 

Now first consider (2.24) and (2.26) and apply 
lemma (2. 1 ) to obtain 

(2.27) D'oo = ( 1 +p) 1 2 L F'o + x '' (E 00 -2L ( 1 +p)'' F po ) 1' 
where we put F' 0 = g‘ Fj 0 

Secondly we add (2.20) and (2.25) to obtain 
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(2.28) 

Lir D 0j ~ G ij 


where we put 

(2.29) 

Gy = (2 (l+p))-‘ (2 Fy +po Ly - (1+p) Ly r D r ()0 ) 


The equation (2.23) is written in the form 

(2.23)(a) 

(l r +X r )D r oj = Gj 


where we put 

(2.30) 

Gj = Ej 0 - 2" 1 (1+p) Lj r D r 00 


Substituion from (2.27) in (2.29) yields 

(2.29) (a) Gij = (1+p)-' [F|j - LL jr F' 0 + 4 J(l+p) E* 

-2LF po + L* Po i(2L*) L ] 

By virtue of (2.24), Gj are written as 

(2.30) (a) Gj = E j0 - F j0 

Thus we have obtained the system of equations 
(2.28) and (2.23)(a). Applying Lemma (2.1) to these equations we 

obtain 


(2.31) 


D 1 oj = LG ) +t (Gj-LG(ij) l 1 , 
where we put Gj = g ir G r j 
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Finally from (2. 19) and (2.22), we obtain 
(A) Lj r D r j k = Hjj k , (l r +X r ) D r j k = Hj k 

where we put 

(2.32) H ijk = {2( 1 +p) (p k Ly +pj L ik -pj L kj ) 

- (l/2)(Ljj r D ok +Lj kr D oj — L k j r D oi), 

H ik = Ejk - )(l+p)/2) (L, r DV+U, D r (4 ) 

Now applying Lemma (2.1) to (A), we get 

(2.33) D‘ jk = L Hj k + x ''(Hjk -LH Pjk ) Y 

where we put Hj k = g hl H hjk . By virtue of 
(2.31), Hjj k and Hj k are written in terms of known quantities: 

(2.34) Hijk =(l/2jL(L kjr G r , - L 6 , G r t - U, G'j) 

+ Ly Ak Ljk Aj — Ljk Aj, 

(2.35) H jk = Ej k - (1+p) L 2' 1 (L jr G r k + L kr G r j) 
where 

(2.36) Aj = {2(I+p)}’ ! pi + (2x)-‘ (G r L G pi ) 

3. THE (v) h - TORSION TENSOR OF F* n 

Let F n be a locally Minkowskian space, where 
fundamental function is expressed by L(y) = {gy(y) y‘ y 1 } 172 m terms 
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of an adaptable coordinate system(x'). For a given h-vector X; in F", 
we obtain another Finsler space F* n with the fundamental function 
( 3 -l) L*(x, y) = L(y) + p (x, y), 

where P (x, y) = Xj (x,y) y 1 . With reference to the 
adaptable coordinate system (x‘) the connection parameters (Fj k , N j, 
C jk) of the Cartan connection of F n are given by 

(3.2) F'jk = 0, N^F^O, C jk = g ir C nk = (l/2)g ir 6 k g rj . 

Thus the h-covariant differentiation Xjy of a 
covariant vector field Xj may be written as d j Xj and the v-covariant 
differentiation of X; as Xj(j = d } Xj - X r C r y. In view of (2.16), (2.13) 
and (3.2) the connection parameter N*j of F* n may be written as 

(3.3) N*j= LGj + t *' (Gj - LGpj ) 1‘. 

In view of (2.10) and (2.29) (a) the value of Gjj 

may be written as 

(3.4) Gy = ( 1 +p) _1 [Ay + L' 1 (F jo lj + F i0 lj)+Ghy] 
where 

(3.5) G = (2LL*)' 1 {(1+P) E 00 - 2L F po + L* po} 
and 
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(3.6) Ay = Fy - 2Qj r F r 0 

The (v) h-torsion tensor R* hjk of (M n , L*) is defined by 
(3-7) R*hjk = g*hi R* jk = h* hi R* ' jk 

= 6^0, k) (h* hi ( 5 k N* j - N* r k d r N* ))} 

In view of (2.5) (a) and (2-6), we have 


(3.8) R*hjk = 6, (j. k> {(1+P) L’ L hi ( 5 k N* ‘ 

- n * \ a r N*‘)} 

By virtue of (3.2) and (2.16) the equation 
(2.28) may be written as L hi N* j = G h j from which we get 
Lhi d k N j = G hjik 


and 


(^(j.k) (Lhi N f k ^ r N j } ~ (j^(j,k){LG k 3 r Ghj} 
Thus (3.8) may be written as 


(3.9) R hjk [( I Tp) (j.k) (L (Ghj|k-LG k d r Ghj)}] 

By virtue of (3.4) we have 

(3.10) G hj |k= (1+P)"' [Ahjik+L' 1 (lh Fjo|k+lj F ho |k)+ G, k h hj ] 
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-O+p )' 2 Pk {Ahj+L/’Oh Fjo+lj F ho ) + Gh hj }, 
(3.H) 5 r G hj = (l+p)-'[-2(F U0 d r C u hj +C u hj F ur 

+ dr G hhj+{G-p 0 (2L)- , }{2C hjr -L' , (l h h jr +l j h hr )} 

+ L 2 { (h hr -l h l r )Fj 0 +(h jr -ljl r )Fho } 

+ L 1 {lhF jr +l j F hr +2" l (p j h hr -p h 

From (3.4) and (3.1 1) we get 
(3.12) (1+p) 2 6uj,k){G\ d r Ghj} 

= < ^.(j.k){-[A r j 3 r G 

+ G d j G+L' 1 lj(F r 0 d r G+G 2 )-L' 2 G(Fj 0 -2' ! p 0 
I j +2' l Lp J )]h hk + 2A j (F so a , C‘ ht +C , hl F„+(2L)' l poC hl ,)+2GF i , 
(5 i C v ,+2C),C' t , k ) 

•^(AhjFfco-FhoFjit-FoFjflhk) 

-L-'[A'FJ k +2F r 0 (F,„ 5 , C , lj +C%F. T )I k +2F'„C' !1 F, 1 l t | 

-L 2 poChj t F r o! k +2 1 L 2 p 0 (lhAj k +ljAhi;+L 1 UljAto) 
+2' l L' 1 (pjA hk -phAj k )+2' 1 L' 2 pj(l h A k o+l k F ho )} 

Substituting from (3.10) and (3.12) in (3.9), 

we obtain 

THEOREM( 3.1) : The (v)h- torsion tensor R* h j k of the space F* n is 


written in the form 
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(3.13) R* hjk =0+P)' ! ^ 0 ,k) {L* L G'h hk +L 2 K hjk +L(l h K jk 

+ljK hk HhljK 0k } 

where 

Gj = A j d r G+G <3jG-L 1 {G[j(l+p)-(F r 0 d r G+G 2 )! j) 
-L' 2 G Fjo+ 2' 1 L' 2 (Lpj-p 0 l j), 

K hjk =t [L' 1 ( 1 +p)A h j |k -2 Aj(F s0 d r C s hk + F sr ) 

- 2G F.0 ( d j C s hk +2C S j r C r hk ) + L' 2 (AhjF k0 -F h0 Fj k ) 

+ Po L' 1 C hjr A r k + (2L)" 1 ( Pj A hk + p h A jk )] 

Kjk = K jok - x{A\ Fji + 2G C 8 jk F^ +L’ 1 (2F j0 F ko 
+ Po Aj k +p 0 Cj k i F'o) + (2L)' 1 (p k Fj 0 + Pj F k0 )} 

Now we shall be concerned with the contracted 
tensor R*;oj of R*j k j. The space F* n is of scalar curvature R* if the 
equation R*j„j = R* L* 2 h*y holds good ([3]). If the scalar R* = 
constant, then F* n is said to be of constant curvature. 

From (3. 13) the contracted (v) h-torion tensor 
R*; 0 j of F* n is given by 

(3.14) R’ ioj = (l+p)-‘ {L’L Go' hj + & W s - L ( k W* 

+ Ij Wjo) + Woo li Jj}> 


where we put 
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Wjj - Kjoj - K-ijo + Ky 

and Wy is symmetric in the indices i and j. It is to be 
noted that R* i0 j = R* L* 2 h*y is rewritten as R* i0 j = t(l+p) R* L* 2 hy 
Therefore we obtain easily from (3.14) the following: 

THEOREM (3.2) : Let F n be a Finsler space with a metric 
L* = L +J3 Where L= (gy (y) y 1 y*} 1/2 , (3 = X ; (x,y) y' and X ; 
is an h -vector in F n . If F* n is of scalar curvature R* then the 
matrix j| X hy - Wy || is of rank less than three, where we put 
{(1+p) 2 x 2 R* - Go} . 

Now we consider the case Fy = 0. In this case 
Ay = 0, K h jic = 0, Khj = 0 and Wy = 0 hold good. Therefore the tensor 
R*ioj = { l/(l+p)} L*L Go hy . Consequently, we 

obtain 

THEOREM (3.3) : Let F* n be an above mentioned Finsler space If 
the condition Fy = 0 is satisfied, then F* n is of scalar curvature 
R'=f(l+p)xi 2 Gi 

Though the concept of a Finsler space of scalar 
curvature was introduced by L. Berwald in 1947, we have no 
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concrete example of non-Minkowski space of scalar curvature. 
Moreover we can show the following: 

THEOREM (3.4) : In Theorem (3.3) if the scalar curvature R* is 
constant, then R = 0 and the space F n is a locally Minkowskian 
space. 

PROOF : From (2.3) and Fy = 0, we get 

(3.15) 2d t Fjj=L' ! (pjh ir -pih jr ) =0 . 

which after contraction with y* gives p 0 =0. Thus 
contracting (3.15) with g* r we get pj = 0. Therefore the scalar R* is 
written in the form 

(3.16) R* = { ( 1 + P ) t }' 2 {G 2 - L' 1 (1+p) G| 0 } - 

It follows from (3. 16) andG = {(1+p) /2LL*}Eoo 
that the condition R* = C ( = Constant) is written in the form 

(3.17) [2 p Eooio-3 E 2 00 +4 (L 4 +6L 2 P 2 + p 4 )C] 

+2L[Eooio+8 P (L 2 + f? )C]=0. 

The term in the first (resp. second) bracket of 
the left hand side of (3.17) is a polynomial of the fourth (resp. third) 
order with respect to y ! Therefore (3. 17) is equivalent to 
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(3.18) 2 p Eoo!o-3E 2 oo+ 4 (L 4 +6L 2 p 2 + p 4 )O0, 

(3.19) E, >oio+8 (L 2 + p 2 ) OO. 

From (3.18) and (3.19) we obtain 

(3.20) 3E 2 oo = 4C (L 2 - p 2 )(L 2 +3p 2 ) . 

If C doesn’t vanish then in view of Fy=0 and 
Pp=E(K), the h-covariant differentiation of (3.20) yields 

(3.21) 3Eoo |0 = 8PC(L 2 -3P 2 ) . 


Elimination of Eooio from (3.19) and (3.21) gives 
L 2 PC=0 from which we get P =0 as L 2 00 . Since 5 j P = Xj, 
therefore p =0 implies Xj=0j Ejj=0. Hence (3.20) gives 00 as L 2 
- p 2 ^0, L 2 +3 pVo. This contradicts our assumption 00. Hence 
the scalar R*=O0 and from (3.20) we get E 0 o=0. Since the 
assumption Fjj=0 implies pj=0, therefore E 0 o=0 implies that F,j=0 so 
that Xiy= d jXrO. Thus X t does not contain x‘. Thus F* n is locally 
Minkowskian space. 
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4. THE (v)hv-TORSlON TENSOR P*hik OF P* n 

We shall continue to be concerned with the 
above mentioned Finsler space F* n . The (v)hv - torsion tensor P*i,j k 
of F* n is defined as 

(4. 1 ) P* hjk = C* hjk |o = y r 9 r C* hjk - ( d r C*hjk) N* r 0 
‘ 'li. (Hj.k) {Chjr F r k0 } 

Where and in the following the symbol ^(hj.k) 
denotes the cyclic permutation of h,j,k and summation. 


In view of (2.1 1) and Ph jk = Chjkio = 0, we obtain 
(4.2) y r d r C* h jk = C*h jk | 0 = 2(L*G + F po ) C hj k 

+ \ (hj.k) {(2L)' 1 (po u k + (1+p) (X k |o - L 1 Go 1 k) hiij) 

(4.3) d x C*hj k =t ( 1 +p)9 r C hjk +L' l (l+p)Chj k u r 
+ |^(hj,k){(l + P)L 1 Chjr u k -(2L 2 ) ( 1 +p)hhj(n kr 
+(p-pL' , )h kr )+(2L 2 ) -’(H-p)hhr n jk } 

where we put n,j=l, Uj +lj u, .Therefore (3.3),(3.4)and (4.3)lead us 

to 

(4.4) d r C* hjk N r „=2 L*9 r C hj k F r 0 - (2L* G-x po - 2F po ) C hjk 
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'Ifi^ (hj,k> {SFfO C hj u k L F ho n jk — (L 1 Fpo l k 
-L-' (p-pL- i )F lo + (G-(2L)- 1 pojm)}. 

By virtue of (3.3), (3.4) and (2. 1 1) we have 

( 4 - 5 ) hj.k) (C h jr F r k0 } =3L GC h jk + ^j;hj.k) {L* C r hj 

(A r k + L’ 1 F rf ) l k ) - 2 C r hj Fk, u k + L- 1 F h0 n jk 
+ 2 1 h 5 (Ap k + L' 1 Fpo lk + L- 2 pF k0 + 3G u k ) } 

Substituting from (4.2), (4.4) and (4.5) in (4.1) we obtain 
THEOREM (4,1) : The (v) hv - torsion tensor P* h jk of the space F* n 
is written in the form 

P hjk = -2tThjkr F r 0 + (L G - xpo) Chjk 
+ 2i(hJ.k) {t C r hj(F,o lk + L Fkr) + hhj Pk} 

where we put 

Thjkr — EChjk|r Chjk b ^t-(hj.k) (Crjk lh } 

2 P k = -Ap k + L' 1 [(1+p) Eko + (x-p) F k0 - (F po + 2L*G -xp 0 ) l k ] 
-Gu k . 

If the condition F„ = 0 is satisfied then the (v) hv - torsion tensor 
P’hjk of F* n is given by 


(4.6) P*hjk = (L G - xp 0 ) Chjk + t^(hj,k) {hhj Pk) 
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Where 

G =(2L L*)- 1 [(1+p) Eoo+ L* p 0 ] 

2 Pk = L' 1 [(1+p) F k0 - (2L*G - xpo) y -Gu k 

Now we shall treat a Landsberg space F* n . Such 
a space is by definition a Finsler space with the (v) hv - torsion 
tensor P h j k = C hjkio = 0. On the other hand a Finsler space F* n with 
C hijjk = 0 is called a Berwald space (or an affinely connected space). 

THEOREM (4.21 : Let F* n (n > 3) be a Finsler space with a metric L* 
= L+p, where L = {gy (dx) dx 1 dx*} !/2 , p = X; (x, y) y‘ and Xj is an 
h - vector in (M n , L). In the case Fy = 0, if F* n is a Landsberg space 
then F* n is reduced to a Berwald space. 

PROOF : It is easy to see that the condition ( L* G-xpo )=0 means 
Eoo=0,i.e.,Eij=O.From EjpFfO we have Xj=constant, so that F'” 
reduces to a locally Minkowskian space. In the case L*G - xpo * 0, 
by virtue of (4.6), the equation P* hjk =0 is equivalent to 

Chj k = -(L G - xpo) 1 7^ (hjjc) {hhj Pk}, 



tfrat is, F° is C- reducible. By virtue of Theorem 1 of ([10]), the space F* n 

(n > 3) turns out to be a Berwald space. Consequently the proof of 
Theorenj/4.2) is complete. 
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